Local Monotonicity Formulas for some Nonlinear Diffusion Equations

Klaus Ecker

Mathematisches Institut Freie Universität Berlin

Introduction

In this paper, we study the reaction-diffusion equation ∂u ∂t − Δu = |u|^{p−1}u on R^n, where p > 1, as well as the harmonic map heat flow which evolves maps u from R^n into a Riemannian submanifold N ⊂ R^ℓ by means of ∂u ∂t − Δu ∈ T^⊥N, that is (∂u/∂t − Δu)(x, t) lies in the normal space of N at u(x, t). Another closely related equation is the mean curvature flow of submanifolds. Common to all these equations is the fact that they arise as gradient flows for certain energy densities.

In [GK] and [St], monotonicity formulas involving the associated energy densities for the first two equations were derived. It is the main purpose of this paper to discuss these formulas in detail and establish localised versions. We will therefore devote this introduction to a description of the corresponding results for the mean curvature flow (see [Hu] and [E]). Monotonicity formulas for equations on more general domains were derived in [Ha].

Mean curvature flow is defined as a family of n-dimensional submanifolds (M_t)_{t∈I} of R^{n+k} which satisfy the evolution equation ∂x ∂t = ⃗H(x) for x ∈ M_t, t ∈ I where I is an interval. Here x = F (p, t) ∈ M_t where F_t = F (·, t) : M^n → R^{n+k} is a family of immersions of an n-dimensional manifold M^n with M_t = F_t(M^n) and ⃗H(x) denotes the mean curvature vector at x ∈ M_t. Mean curvature flow takes the alternative form ∂x ∂t = Δ_{Mt} x

where Δ_{Mt} is the Laplace-Beltrami operator on M_t. This more clearly emphasizes the formal connection with the other two evolution equations.

In [Hu], the monotonicity formula for mean curvature flow (0) d dt ∫ M_t Φ dμ_t = − ∫ M_t | ⃗H − x^⊥ 2t |^2Φ dμ_t

is proved which involves the backward heat kernel function Φ(x, t) = 1 (−4πt)^{n2} e^{|x|24t} defined for t < 0 and x ∈ R^{n+k}. Here, ⊥ denotes the component of a vector in R^{n+k} normal to M_t and μ_t is the surface measure on M_t. The identity ⃗H − x^⊥ 2t = 0 or equivalently the vanishing of the right hand side of the monotonicity formula characterizes scale invariant (homothetic) solutions of mean curvature flow. In terms of the evolving submanifolds this can also be expressed by^1_r M_r2_t = M_t for all r > 0 and t < 0, or alternatively by M_t = √ −t M_{−1} for all t < 0.

In the case where M_t = R^n for all t < 0, the monotonicity formula for mean curvature flow reduces to the statement d dt ∫ R^n Φ(x, t) dx = 0 which describes the scaling behaviour of the n-dimensional heat kernel on R^n. The monotonicity formulas in [GK] and [St] are analogous to the one for mean curvature flow in that they combine the appropriate energy density (the area element in the case of mean curvature flow) with a heat kernel function to produce a quantity which is non-increasing in time. We will describe the details in Sections 1 and 2 below.

Note that in contrast to (0) the well-known monotonicity formula for minimal hypersurfaces (see for instance [S]) d dr ( H^n(M ∩ B_r) r^n ) = d dr ∫ M∩B_r |x^⊥|^2 |x|^{n+2} d H^n is a local statement in balls B_r ⊂ R^{n+1}. Since minimal surfaces are stationary solutions of mean curvature flow that is solutions of the corresponding elliptic equation it seems natural to look for an analogous local formula in the parabolic case.

Balls in the elliptic case should here be replaced by some natural sets in space-time. In [F], [W] and [EG], the sets

E_r = { (x, t) ∈ R^n × R, t < 0, Φ(x, t) > 1 r^n } , r > 0 termed ’heat balls’, play an important role in the derivation of mean value formulas for solutions of the standard heat equation. In fact, it is shown in [W] that the formula d dr ( 1 r^n ∫ ∫ E_r f(x, t) |x|^2 4t^2 dx dt ) = 0 holds for any solution f of the standard heat equation. These sets also arise naturally in the identity ∫

R^n Φ(y, s) dy = 1 r^n ∫ ∫ E_r n −2t dx dt which holds for all r > 0 and s < 0 and can be obtained as a straightforward consequence of Fubini’s theorem. There is an analogous identity for scale invariant solutions of mean curvature flow. To state this let M = ⋃ t<0 M_t × {t} ⊂ R^{n+k} × R

denote the space-time track of the family (M_t). Let E_r be a heat ball defined as above except here x ∈ R^{n+k}, that is E_r ⊂ R^{n+k} × R. Therefore it makes sense to consider M ∩ E_r. It is then proved in [E] that for a scale invariant solution of mean curvature flow the identity 1 r^n ∫ ∫ M∩E_r n −2t dμ_t dt = ∫ M_s Φ dμ_s holds for all s < 0 and r > 0. In view of the monotonicity formula this identity suggests that differentiation of the locally defined expression on the left hand side with respect to r should provide useful information also in the case of a general solution. This led to the following local version of the monotonicity formula derived in [E]: d dr ( 1 r^n ∫ ∫ M∩E_r ( n −2t + x^⊥ 2t · ( ⃗H − x^⊥ 2t )) dμ_t dt ) = n r^{n+1} ∫ ∫ M∩E_r | | | ⃗H − x^⊥ 2t | | | 2 dμ_t dt.

In this paper, we establish analogues of this local monotonicity formula for a reactiondiffusion equation and for the harmonic map heat flow. For the convenience of the reader but also to ensure a common presentation and derivation for both equations we will also provide statements and proofs of the non-local formulas of [GK] and [St].

1. A Reaction-Diffusion Equation

We consider solutions u(x, t), x ∈ R^n, t < 0 of the equation (1) ∂u ∂t − Δu = |u|^{p−1}u where p > 1. This equation arises as gradient flow of the energy density e(u) = 1 2 |Du|^2 − 1 p + 1 |u|^{p+1}. For r > 0 and β =^1_{p−1} the rescaled function defined by u_r(x, t) = r^{2β}u(rx, r^2t) is again a solution of (1). One easily checks that the energy density scales like (2) e(u_r)(x, t) = r^γ e(u)(rx, r^2t) where γ = 4β + 2 = 2(p + 1)/(p − 1).

We call a function scale invariant if it satisfies u_r(x, t) = u(x, t) for all r > 0. In particular then (3) 0 = du_r dr |_{r=1} (x, t) = 2t ∂u ∂t (x, t) + x · Du(x, t) + 2β u(x, t). One readily checks by setting r = 1/ √ −t that a scale invariant solution of (1) satisfies u(x, t) = 1 (−t)^β w( x √ −t ) where w(z) = u(z, −1) solves the elliptic equation Δw − z 2 · Dw − βw + |w|^{p−1}w = 0. Let γ Φ(x, t) = 1 (−4πt)^{n−γ}2 e^{|x|24t} for t < 0 and x ∈ R^n. Note that^γ Φ(x, t) = (−4πt)^{γ2} Γ(x, −t) where for t > 0 Γ(x, t) = 1 (4πt)^n2 e^{− |x|24t} is the fundamental solution for the heat equation on R^n. The function^γ Φ scales like

(4)^γ Φ(rx, r^2t) = 1 r^{n−γ} γ Φ(x, t).

For the remainder of this paper we consider only solutions of (1) which are in a suitable growth class at infinity (e.g. polynomial in |x|) so that for instance integrals over R^n with respect to^γ Φ(x, t) dx of u and its derivatives are finite and integration by parts is admissible.

1.1. Remark. In view of (4), we observe that for x = ry and t = r^2s (5) ∫ R^n f(x, t)^γ Φ(x, t) dx = ∫ R^n r^γ f(ry, r^2s)^γ Φ(y, s) dy for any function f(x, t). Therefore, if f scales like f(rx, r^2t) = r^{−γ} f(x, t) for all r > 0 then d dt ∫ R^n f(x, t)^γ Φ(x, t) dx = 0. Important examples of such functions are f(x, t) = e(u)(x, t) and f(x, t) = u^2(x, t)/t in the case u is scale invariant.

1.2 Theorem (Monotonicity Formula [GK], [St]). Let u be a solution of (1). Then d dt ∫ R^n ( e(u) − β 2t u^2 )_γ Φ dx = − ∫ R^n ( ∂u ∂t + x 2t · Du + β t u )_{2 γ} Φ dx.

1.3 Remark. (i) The right hand side of this identity vanishes exactly when u is a scale invariant solutions of (1) that is of the form u(x, t) = 1 (−t)^β w( x √ −t ) where w(z) = u(z, −1) solves the elliptic equation Δw − z 2 · Dw − βw + |w|^{p−1}w = 0.

(ii) In [GK], this formula is not stated in this particular form. Instead, a solution of (1) is rescaled in a time-dependent fashion by setting w(z, σ) = (−t)^β u(x, t) where x = √ −t z and t = − exp(−σ). This function satisfies the equation ∂w ∂σ = Δw − z 2 · Dw − βw + |w|^{p−1}w.

The monotonicity formula in [GK] then states that d dσ ∫ R^n ( 1 2 |Dw|^2 + β 2 w^2 − 1 p + 1 |w|^{p+1} ) e^{− |z|24} dz = − ∫ R^n ( ∂w ∂σ )_2 e^{− |z|24} dz. Scaling back leads to the formula in Theorem 1.2. For the convenience of the reader we will give a separate proof of Theorem 1.2 by adapting the calculation in [St] used for the harmonic map heat flow (see Section 2 below).

Proof of Theorem. For x = ry and t = r^2s the identity ∫ R^n e(u)(x, t)^γ Φ(x, t) dx = ∫ R^n e(u_r)(y, s)^γ Φ(y, s) dy holds in view of (2) and (5). Therefore, d dt ∫ R^n

e(u)^γ Φ dx = d dr |_{r=1} ∫ R^n

e(u_r)^γ Φ dx dr dt |_{r=1} = 1 2t ∫ R^n d dr |_{r=1} e(u_r)^γ Φ dx = 1 2t ∫ R^n ( Du · D du_r dr |_{r=1} − |u|^{p−1}u du_r dr |_{r=1} )_γ Φ dx. Integration by parts yields d dt ∫ R^n

e(u)^γ Φ dx = − 1 2t ∫ R^n ( (Δu + |u|^{p−1}u)^γ Φ + Du · D^γ Φ ) du_r dr |_{r=1} dx. On substituting (1) and since D^γ Φ(x, t) =^x_{2t}^γ Φ(x, t) this becomes d dt ∫ R^n

e(u)^γ Φ dx = − 1 2t ∫ R^n ( ∂u ∂t + x 2t · Du ) du_r dr |_{r=1} γ Φ dx. We now substitute (3) and rewrite the right hand side to obtain d dt ∫ R^n

e(u)^γ Φ dx = − ∫ R^n ( ∂u ∂t + x 2t · Du + β t u )_{2 γ} Φ dx + 1 2t ∫ R^n β t u du_r dr |_{r=1} γ Φ dx. The last integral equals 1 2t d dr |_{r=1} ∫ R^n β 2t u^2_r^γ Φ dx.

Since for x = ry and t = r^2s we have ∫ R^n β 2s u^2_r(y, s)^γ Φ(y, s) dy = ∫ R^n β 2t u^2(x, t)^γ Φ(x, t) dx, and for r = 1 the identities^{dr}_{dt} = 1/2t, x = y and t = s hold we obtain 1 2t d dr |_{r=1} ∫ R^n β 2t u^2_r^γ Φ dx = d dt ∫ R^n β 2t u^{2 γ} Φ dx. Thus we finally arrive at d dt ∫ R^n

e(u)^γ Φ dx = − ∫ R^n ( ∂u ∂t + x 2t · Du + β t u )_{2 γ} Φ dx + d dt ∫ R^n β 2t u^{2 γ} Φ dx

which is the desired formula. ♦

In the elliptic case, there are well-known monotonicity formulas which are local in contrast to the identity in Theorem 1.2. For instance for harmonic functions that is solutions of the equation Δu = 0

with scaling exponents β = 0 for the solution and γ = 2 for the energy density e(u) = 1 2 |Du|^2, the identity d dr ( 1 r^{n−2} ∫ B_r e(u) dx ) = r ∫ ∂B_1 ( d dr u_r(ω) )_2 dω holds. The right hand side vanishes on scale invariant solutions that is when u_r(x) ≡ u(rx) = u(x) for all x and r > 0. Note that this formula does not contain any interesting information in the case n = 2.

It seems natural to look for local monotonicity formulas also in the parabolic case. Balls should here be replaced by bounded sets in space-time. As in [F], [EG] and [W] we define for r > 0 the ’heat-ball’ E^γ_r as the set

E^γ_r = { (x, t) ∈ R^n × R, t < 0,^γ Φ(x, t) > 1 r^{n−γ} }

= ⋃ −^{r2}_{4π} <t<0 B_R^γ_{r (t)} × {t}

where

R^γ_r (t) = √ 2(n − γ) t log ( −4πt r^2 ) .

Here we assume of course that n > γ since otherwise E^γ_r = ∅. We also note that integrals over heat-balls look like ∫ ∫ E^γ_r f(x, t) dx dt = ∫_0

−^{r2}_{4π} ∫ B_Rγ_{r (t)} f(x, t) dx dt.

1.4 Remark. For x = ry and t = r^2s and arbitrary function f we note the rescaling identity 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t f(x, t) dx dt = ∫ ∫ E^γ_1 n − γ −2s r^γ f(ry, r^2s) dy ds. If f satisfies f(rx, r^2t) = r^{−γ} f(x, t) for all r > 0 this implies that d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t f(x, t) dx dt ) = 0.

1.5 Proposition. If f satisfies f(rx, r^2t) = r^{−γ} f(x, t) for all r > 0 then for all s < 0 and r > 0 ∫ R^n f(y, s)^γ Φ(y, s) dy = 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t f(x, t) dx dt.

Proof. In view of Remarks 1.1 and 1.4, the left hand side is independent of s and the right hand side is independent of r. It therefore suffices to prove the identity for s = −1 and r = √ 4π which amounts to showing that ∫ R^n f(y, −1) e^{− |y|24} dy = ∫_0 −1 ∫ B√_{2(n−γ)t log(−t)} n − γ −2t f(x, t) dx dt.

By Fubini’s theorem we have ∫ R^n f(y, −1) e^{− |y|24} dy = ∫_∞ 0 ∫ {y∈R^n, e^{− |y|} 2 4 >λ} f(y, −1) dy dλ = ∫_1 0 ∫ B√_{−4 log λ} f(y, −1) dy dλ.

For λ = (−t)^{n−γ2} the right hand side expression becomes ∫_0 −1 n − γ −2t ∫ B√_{−2(n−γ) log(−t)} f(y, −1) dy dt and since f(x, t) = (−t)^{− γ2} f(y, −1) for x = √ −t y we arrive at ∫_0 −1 ∫ B√_{2(n−γ)t log(−t)} n − γ −2t f(x, t) dx dt.

♦

The following integration by parts formulas on ’heat balls’ will prove to be extremely useful:

1.6 Lemma. For any C^1 vectorfield X we have (i) ∫ ∫ E^γ_r divX dx dt = − r n − γ d dr ∫ ∫ E^γ_r X · x 2t dx dt. For X = g Df where g ∈ C^1 and f ∈ C^2 this yields the integration by parts formula (ii) ∫ ∫ E^γ_r (Df · Dg + g Δf) dx dt = − r n − γ d dr ∫ ∫ E^γ_r g Df · x 2t dx dt.

Proof. We abbreviate ψ ≡ log^γ Φ. Then B_R^γ_{r (t)} = {x ∈ R^n, ψ(x, t) > −(n − γ) log r}. The divergence theorem in R^n implies (6) ∫ ∫ E^γ_r divX dx dt = ∫_0

−^{r2}_{4π} ∫ B_Rγ_{r (t)} divX dx dt = − ∫_0

−^{r2}_{4π} ∫ ∂B_Rγ_{r (t)} X · Dψ |Dψ| dA dt.

where dA denotes the surface measure of the (n−1)-dimensional sphere. Since B_Rγ_{r (− r}2_{4π )} = ∅ we have d dr ∫ ∫ E^γ_r X · Dψ dx dt = ∫_0

−^{r2}_{4π} d dr ∫ B_Rγ_{r (t)} X · Dψ dx dt. By the coarea formula the right hand side equals − ∫_0

−^{r2}_{4π} ∫ B_Rγ_{r (t)} X · Dψ |Dψ| dA dt d dr ( − (n − γ) log r ) = n − γ r ∫_0

−^{r2}_{4π} ∫ ∂B_Rγ_{r (t)} X · Dψ |Dψ| dA dt

so that we obtain the identity (7) d dr ∫ ∫ E^γ_r X · Dψ dx dt = n − γ r ∫_0

−^{r2}_{4π} ∫ ∂B_Rγ_{r (t)} X · Dψ |Dψ| dA dt

Combining (6) and (7) and noting that Dψ(x, t) = x/2t yields (i). ♦

1.7 Remark. In view of Proposition 1.5, the identity ∫ R^n ( e(u) − β 2s u^2 )_γ Φ dy = 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − β 2t u^2 ) dx dt holds for any s < 0 and r > 0 as long as u is scale invariant. The monotonicity formula, Theorem 1.2, states that for a general solution u of (1) the left hand side of this identity is a non-increasing function of s. This suggests that differentiating the right hand side with respect to r should lead to something useful.

1.8 Theorem (Local monotonicity). Let u be a solution of (1). Then d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r ( n − γ −2t ( e(u) − β 2t u^2 ) − x 2t · Du ( ∂u ∂t + x 2t · Du + β t u )) dx dt )

= n − γ r^{n−γ+1} ∫ ∫ E^γ_r ( ∂u ∂t + x 2t · Du + β t u )_2 dx dt.

1.9 Remark. (i) The above formula is only nontrivial in the case n > γ since otherwise E^γ_r = ∅.

(ii) As in the monotonicity formula of Theorem 1.2 the right hand side of this local identity vanishes exactly when u is a scale invariant solutions of (1) that is of the form u(x, t) = 1 (−t)^β w( x √ −t ) where w(z) = u(z, −1) solves the elliptic equation Δw − z 2 · Dw − βw + |w|^{p−1}w = 0.

(iii) In the appendix we estimate the integrals in Theorem 1.8 in terms of more familiar looking expressions therefore also providing conditions on the solution u which ensure their finiteness.

(iv) It is envisaged to apply the above formula to the study of the asymptotic behaviour of solutions near blow-up points of the solution. This was done in [GK] and [St] using the non-local formula of Theorem 1.2 and similarity variables (see Remark 1.3 (ii) above). Our local formulas should look particularly natural when one writes the solution in terms of ’heat-ball’ polar coordinates where r refers to the scaling parameter and ω to a point on the ’heat-unit-sphere’ ∂E^γ_1 . This way the set ’transverse’ to the scaling direction is relatively compact.

Proof of Theorem. Setting x = ry and t = r^2s we see from Remark 1.4 for f = e(u) − βu^2/2t that d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt ) = d dr ∫ ∫ E^γ_1 n − γ −2s ( e(u_r) − βu^2_r 2s ) dy ds. = ∫ ∫ E^γ_1 n − γ −2s d dr ( e(u_r) − βu^2_r 2s ) dy ds.

Thus d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt )

= ∫ ∫ E^γ_1 n − γ −2s ( Du_r · D du_r dr − ( |u_r|^{p−1}u_r + β t u_r ) du_r dr ) dy ds

and after scaling back on the right hand side d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt )

= n − γ r^{n−γ+1} ∫ ∫ E^γ_r 1 −2t ( Du · D du_r dr |_{r=1} − ( |u|^{p−1}u + β t u ) du_r dr |_{r=1} ) dx dt.

Integrating by parts, this becomes d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt )

= n − γ r^{n−γ+1} ∫ ∫ E^γ_r 1 2t ( Δu + |u|^{p−1}u + β t u ) du_r dr |_{r=1} dx dt + 1 r^{n−γ} d dr ∫ ∫ E^γ_r 1 2t du_r dr |_{r=1} x 2t · Du dx dt

in view of Lemma 1.6 (ii). We substitute (1) into the first integral on the right hand side to obtain d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt )

= n − γ r^{n−γ+1} ∫ ∫ E^γ_r 1 2t ( ∂u ∂t + β t u ) du_r dr |_{r=1} dx dt + 1 r^{n−γ} d dr ∫ ∫ E^γ_r 1 2t du_r dr |_{r=1} x 2t · Du dx dt.

In view of (3) this can be rewritten as d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u) − βu^2 2t ) dx dt )

= n − γ r^{n−γ+1} ∫ ∫ E^γ_r (( ∂u ∂t + x 2t · Du + β t u )_2 − x 2t · Du ( ∂u ∂t + x 2t · Du + β t u )) dx dt + 1 r^{n−γ} d dr ∫ ∫ E^γ_r x 2t · Du ( ∂u ∂t + x 2t · Du + β t u ) dx dt so that we finally arrive at d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r n − γ −2t ( e(u)− βu^2 2t ) dx dt ) = n − γ r^{n−γ+1} ∫ ∫ E^γ_r ( ∂u ∂t + x 2t · Du + β t u )_2 dx dt + d dr ( 1 r^{n−γ} ∫ ∫ E^γ_r x 2t · Du ( ∂u ∂t + x 2t · Du + β t u ) dx dt ) . ♦ 2. The Harmonic Map Heat Flow

We consider maps u(·, t) : R^n → R^ℓ into a Riemannian submanifold N ⊂ R^ℓ which satisfy (8) ∂u ∂t − Δu ∈ T^⊥N or more precisely, (∂u/∂t − Δu)(x, t) ∈ T^⊥_{u(x,t)}N, the normal space of N at u(x, t).

The associated energy density is given by e(u) = 1 2 |Du|^2 = D_iu^αD_iu^α where we sum over repeated indices 1 ≤ i ≤ n and 1 ≤ α ≤ ℓ. We adopt the same notation as in section 1 but some expressions have to be suitably interpreted in the mapping case. For instance, for vectorfields u, v we write u · v = u^αv^α and Du · Dv = D_iu^αD_iv^α. We also encounter the expressions x · Du = x_iD_iu and x · Du · η = x_iD_iu^αη^α.

All calculations in section 1 carry over without change to solutions of (8). Indeed, in view of (8) ∫

R^n ( ∂u ∂t − Δu ) η dx = 0 for all smooth vectorfields η : R^n → R^ℓ which are tangent to N. We apply this identity in our calculations with η =^{dur}_{dr |r=1} . Note that^{dur}_{dr |r=1} is a tangent vectorfield to N since r → u_r(x, t) defines a path in N. For the harmonic map heat flow the scaling exponent β equals zero so γ = 2. In particular, the appropriate heat kernel is given by

2Φ(x, t) = 1 (−4πt)^{n−2}2 e^{|x|24t} in this case.

In view of the above remarks we will simply state the relevant monotonicity formulas for the harmonic map heat flow and refer to the previous section for the calculations. Struwe’s monotonicity formula for the harmonic map heat flow says the following:

2.1 Theorem ([St]). Let u be a solution of (8). Then d dt ∫ R^n

e(u)^2Φ dx = − ∫ R^n | | | | ∂u ∂t + x 2t · Du | | | | 2 2Φ dx.

The corresponding local monotonicity formula for the harmonic map heat flow then reads as follows:

2.2 Theorem. Let u be a solution of (8). Then d dr ( 1 r^{n−2} ∫ ∫ E^2_r n − 2 −2t e(u) − x 2t · Du · ( ∂u ∂t + x 2t · Du ) dx dt )

= n − 2 r^{n−1} ∫ ∫ E^2_r | | | ∂u ∂t + x 2t · Du | | |^2 dx dt.

2.3 Remark. (i) Note that in both formulas, the right hand side vanishes on scale invariant solutions.

(ii) In the case n = 2 the statement of Theorem 2.2 is trivial since E^2_r = ∅ for n = 2.

(iii) A localised version of Theorem 2.1 involving cut-off functions was established in [CS]. We shall make use of this in the appendix below.

Appendix

The local integrals featuring in Theorems 1.8 and 2.2 involve integrands which become singular as t → 0. However, the spatial domain is the ball B_R^γ_{r (t)} whose radius shrinks for t → 0. As a result, our integrals can be bounded by more familiar looking expressions analogously to the situation in mean curvature flow, see [E, section 1].

In the case β = 0 (that is γ = 2) one has an estimate of the form 1 r^{n−2} ∫ ∫ E^2_r ( n − 2 −2t e(u) − x 2t · Du ( ∂u ∂t + x 2t · Du )) dx dt ≤ c(n) ( ∫ B_{c(n)r} e(u)(x, − r^2 4π ) dx + 1 r^n ∫_0

−^{r2}_{4π} ∫ B_{c(n)r} e(u) dx dt ) .

For general β a similar bound holds with integrals involving |u|^{p+1} appearing on the right hand side.

To establish this bound we essentially follow [E, section 1] using a cut-off function argument from [CS, section 4]. For ease of notation we shall omit the superscript 2 from^2Φ, E^2_r and R^2_r(t) in the calculations to follow.

For a C^2_0 (R^n) -function ϕ we calculate d dt ∫ R^n

e(u)Φ ϕ^2 dx = 1 2t d dr |_{r=1} ∫ R^n

e(u_r)Φ ϕ^2(r·) dx = − ∫ R^n ( ∂u ∂t + x 2t · Du )_2 Φ ϕ^2 dx + ∫ R^n ( e(u) ϕ x t · Dϕ − 2ϕ Dϕ · Du ( ∂u ∂t + x 2t · Du )) Φ dx where ϕ(r·)(x) = ϕ(rx). Young’s inequality implies d dt ∫ R^n e(u)Φ ϕ^2 dx ≤ − 1 2 ∫ R^n ( ∂u ∂t + x 2t · Du )_2 Φ ϕ^2 dx + 4 ∫ R^n ( 4|Dϕ|^2 + |x| |t| ϕ|Dϕ| ) e(u)Φ dx. We can of course replace Φ(x, t) by Φ(x, t − t_0) for t_0 ≥ 0 and t < t_0. Choosing ϕ such that χ_{Bρ} ≤ ϕ ≤ χ_{B2ρ} with |Dϕ| ≤ c/ρ and then integrating over the interval (t_1, t_0) yields ∫ B_ρ e(u)Φ(x, t − t_0) dx + ∫_t t_1 ∫ B_ρ ( ∂u ∂t + x 2(τ − t_0) · Du )_2 Φ(x, τ − t_0) dx dτ ≤ c ∫_0

t_1 ∫ B_{2ρ}\B_ρ ( 1 ρ^2 + ρ |τ − t_0| ) e(u)Φ(x, τ − t_0) dx dτ + ∫ B_{2ρ} e(u)(x, t_1)Φ(x, t_1 − t_0) dx

for all t < 0. On the set B_{2ρ}\B_ρ we observe that 1 |τ − t_0| Φ(x, τ − t_0) ≤ c(n)ρ^{−n} and hence ∫ B_ρ e(u)Φ(x, t − t_0) dx + ∫_t t_1 ∫ B_ρ ( ∂u ∂t + x 2(τ − t_0) · Du )_2 Φ(x, τ − t_0) dx dτ ≤ c(n)ρ^{−n} ∫_0

t_1 ∫ B_{2ρ} e(u) dx dt + ∫ B_{2ρ} e(u)(x, t_1)Φ(x, t_1 − t_0) dx

for all t_0 ≥ 0 and t < 0.

We first set t_0 = 0 and t_1 = −^{r2}_{4 pi} . One easily checks that R_r(t) ≤ c_0(n)r straight from the definition (see also [E]). We then let ρ = c_0(n)r above. Since on B_{Rr (t)} we have Φ(x, t) ≥^1_{rn−2} by definition we therefore obtain the estimate 1 r^{n−2} ∫_0

−^{r2}_{4π} ∫ B_{Rr (t)} ( ∂u ∂t + x 2t · Du )_2 dx dt ≤ c(n) 1 r^n ∫_0

−^{r2}_{4π} ∫ B_c′_{(n)r} e(u) + 1 r^{n−2} ∫ B_c′_{(n)r} e(u)(x, − r^2 4π ) dx

where c^′(n) = 2c_0(n). We now proceed as in the proof of Lemma 1.1 in [E] by setting t_1 = −^{r2}_{4π} for given r > 0 and t_0 = R_r(t)^2 + t. One checks as in [E] that t_0 > 0 for all t ∈ (−δr^2, 0 when δ = δ(n) is sufficiently small. Again setting ρ = c_0(n)r above yields 1 R_r(t)^{n−2} ∫ B_{Rr (t)} e(u)(x, t) dx

≤ c(n) ( 1 r^{n−2} ∫ B_c′_{(n)r} e(u)(x, − r^2 4π ) dx + 1 r^n ∫_0

−^{r2}_{4π} ∫ B_c′_{(n)r} e(u)(x, t) dx dt )

for t ∈ (−δr^2, 0). We then estimate 1 r^{n−2} ∫ ∫ E_r ( n − 2 −2t e(u) − x 2t · Du ( ∂u ∂t + x 2t · Du )) dx dt ≤ ∫_0

−^{r2}_{4π} ∫ B_{Rr (t)} ( n − 2 −2t + |x|^2 4t^2 ) e(u) + 1 2 ( ∂u ∂t + x 2t) · Du )_2) dx dt. The right hand side can now be controlled using the two previous inequalities. The details are very similar to [E, p.509-510].

Unfortunately, the above argument does not work out quite as cleanly as in the mean curvature flow case since we were unable to find a time-dependent localisation function ϕ satisfying d dt ∫ R^n e(u) Φ ϕ dx ≤ 0.

Given such a test-function ϕ (in mean curvature flow this was simply a shrinking subsolution for the heat operator on the evolving hypersurfaces) we would be able to estimate our local monotonic quantity simply in terms of initial data, that is ∫ B_{c(n)r} e(u)(x, − r^2 4π ) dx.

References

[CS] Y. Chen and M. Struwe, Existence and regularity results for the heat flow for harmonic maps, Math. Z. 201 (1989), 83-103

[E] K.Ecker, A local monotonicity formula for mean curvature flow, Annals of Math. 154 (2001), 503-525

[EG] L.C.Evans and R.F.Gariepy, Wiener’s criterion for the heat equation, Arch. Rational Mech. Analysis, 78 (1982), 293-314

[F] W. Fulks, A mean value theorem for the heat equation, Proc. Amer. Math.Soc. 17 (i) (1966), 6-11

[G] N. Garofalo, New estimates of the fundamental solution and Wiener’s criterion for parabolic equations with variable coefficients, Calculus of variations and partial differential equations (Trento, 1986), 70-83, Lecture Notes in Mathematics 1340, Springer, Berlin- New York, 1988

[GK] Y. Giga and R. V. Kohn, Asymptotically self-similar blow-up of seminlinear heat equations, Comm. Pure Appl. Math. 38 297-319 (1985)

[Ha] R.Hamilton, Monotonicity formulas for parabolic flows on manifolds, Comm. Analysis Geom. 1 (1993), 127-137

[Hu] G.Huisken, Asymptotic behaviour for singularities of the mean curvature flow, J.Differ.

Geom. 31, 285-299 (1990)

[S] L. M. Simon, Lectures on Geometric Measure Theory, Proc. of the CMA, Vol.3 (1983)

[St] M.Struwe, On the evolution of harmonic maps in higher dimensions, J.Differ.Geom. 28, 485-502 (1988)

[W] N.A.Watson, A theory of subtemperatures in several variables, Proc. London Math Soc, 26 (1973), 385-417