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Problem 1. Let S = F (U) and S̃ = F̃ (U) for U ⊂ Rn be smooth parametrized n -

surfaces in Rn+1 and ψ : S → S̃ be a map with F̃ = ψ ◦ F . Such a map ψ is called a local
isometry between S and S̃ if the metrics (gij(u)) und (g̃ij(u)) associated to F and F̃ are
equal for every u ∈ U . If in addition ψ is also bijective (one-one and onto) we call ψ a

(global) isometry between S and S̃.

Let Cr = {x ∈ R3, x21 + x22 = r2} be the cylinder of radius r > 0. Show: The map
ψ : C2 → C1 defined by ψ(2 cos θ, 2 sin θ, z) = (cos 2θ, sin 2θ, z) is a local but not a global
isometry.
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Problem 2. The Christoffelsymbols Γk
ij , 1 ≤ i, j, k ≤ n of a smooth parametrized n -

surface S = F (U) are defined by(
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Here XT ≡ X − (X ·N)N is the projection of the vector field X onto the tangent spaces
of S. Show:
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Problem 3. We write ∇ ∂F
∂ui

X = ( ∂X
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)T for the covariant derivative of a vector field X in

the direction of ∂F
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. The components Rijkl of the curvature tensor (1 ≤ i, j, k, l ≤ n) of a
smooth parametrized n - surface S = F (U) are defined by
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Derive the Gauß equations
Rijkl = hikhjl − hilhjk.

Here hij = − ∂F
∂ui
· ∂N∂uj

= ∂2F
∂ui∂uj

·N . Show in particular: For n = 2 the theorema egregium

R1212 = K(g11g22 − g212)

holds where K ist die Gauß curvature of S.
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To be returned on Tuesday 18. December 2018 at 10 a.m.(sharp) to Klaus Ecker’s tutorial
box


