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Problem 1. Let M be an n- dimensional differentiable manifold with a Riemannian metric
g. A map ¢ : M — M is called an isometry if it is a diffeomorphism and

9(¢(p))(do(p)(vp), dp(p)(wp)) = g(p)(vp, wy)

holds for all v,,w, € T, M.

Let H™ be hyperbolic space defined as the manifold U = {p € R",p,, > 0} with metric
given by g = (gi;) with g;;(p) = ﬁézj, 1 <i,57 < n. Show that the following maps
¢ : H* — H" are isometries.
(a) ¢(p) = (W(p1,---,Pn1),Pn), p € U, for an arbitrary isometry v of R" .

)

(b) ¢(p) = Ap, p € U, A > 0 fixed.

(¢) ¢(p) = (P1s--+s =Py Pp) fiir 1 <i<n—1

(d) ¢(p) = th= Ipl = V/2is (pi)?-

Which of these maps are isometries of R™ with the standard metric and which are not.

Justify your answers.
6 points

Problem 2. Let D denote the standard connection on R3. Show that

1
VxY = DXY—|—§X xY

defines an affine connection on R3. Here x denotes the usual cross-product of vectors in
R3.

1 point
Problem 3. Let (M, (-,-)) be a Riemannian manifold. Define

<VXY; Z> = %(X<Yv Z> +Y<X7 Z> - Z<X7Y> - <X7 [Y7 Z]> - <K [Xv Z]> + <Zv [XvYD)

for smooth vector fields X, Y, Z auf M. Show that V defines a Riemannian connection i.e.
V is an affine connection with the additional properties X (Y, Z) = (VxY,Z) + (Y, Vx Z)
and [X,Y] = VxY — Vy X for smooth vector fields X,Y, Z.

3 points

To be returned on Monday 4. February 2019 at 12 noon (sharp) to Klaus Ecker’s tutorial
box



